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Networks can be described as geometric objects: Links’
existence depends on distances between nodes

IN some networks geometry is explicit, power grids,
alrport networks, road networks, etc

In others it Is Implicit: similarity space. It can be detected analyzing
the clustering coetfficient
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hidden metric space

Clustering is just a byproduct
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Distribute points in a plane
Using a Poisson process or
whatever you like

Connect points that are
below a critical distance

problems

The generated graphs are
not small-worlds

Graphs are homogeneous

Not a good model for real

systems!|
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Small-world effect
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Average shortest path length

I

Number of nodes

Fuclidean

N(r) ~ r*

Spherical

Hyperbolic
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It can be rephrased as

N(r)~e"

|

Number of nodes within a ball of radius r

N(r)~1—cosr

N(r) ~ coshr — 1



Minkowski ambient space

Poincare representation

Native representation
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Courtesy of R. Kallosh and A. Linde,
Comptes Rendus Physique. Volume 16, Issue 10, December 2015, Pages 914-927
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Circle limit IV

(Heaven and Hell)
M. E. Escher
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Hyperbolic geometry of complex networks
D. Krioukov, F. Papadopoulos, M. Kitsak, A. Vahdat, and M. Bogunha
Phys. Rev. E 82, 036106 (2010)
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Scale-free, small-world, and
highly clustered networks!!!

connection probability
p(z) = O(R — )
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Gravity law in Euclidean power law distribution

or spherical geometry of masses =4 hyperbolic

geometry
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Self-Similarity of Complex Networks and Hidden Metric Spaces
M. A. Serrano, D. Krioukov, and M. Boguna
Phys. Rev. Lett. 100, 078701 (2008)
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Gravity law in Euclidean | power law distribution
or spherical geometry of masses

geometry

d —1
Prob(m,m’',d) =r ( ) m?)/
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S1 model H2 model

~( S(r4r'+21n 22 _R) the hyperbolic distance is very well
r | e2 C 2 :
7—/ approximated by
4 ) 4 )
[, 2. AB ;2 A6
r=r—+r C1I17 r=1r-+7r + —Ilnsin —
\_ J \§ C J
4 ¢ P ) e ™\
& (ei(x_ )) p(r) =06 (R — x)
N\ J g Y

#(2) { cte z<k1
0 z>1 Holographic principle

S model and H2 model are isomorphic
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Gravity law in Euclidean
or spherical geometry

Prob(m. ') = ()| e E(m) o m

SO this is the expected degree of the node. From now on, let's call it K

For any integrable function r(x)

Maximally random ensembles of geometric graphs with finite clustering,
small-worlds, and uncorrelated at the hidden level

Prob(lii, K, dij) — T(Xij) —
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Hyperbolic maps of complex networks can be used to
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Sustaining the Internet with hyperbolic mapping
M. Boguna, F. Papadopoulos, and D. Krioukov

(2011)

Navigate the Internet without a global knowledge of the network topology
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Uncovering the hidden geometry behind metabolic networks
M. A. Serrano, M. Boguna, and F. Sagués
Molecular BioSystems 8, 843-850 (2012)
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The hidden hyperbollc geometry of mternatlonal trade World Trade Atlas 1870 2013 [

Guillermo Garcia-Pérez, Marian Boguiia, Antoine Allard, and M. Angeles Serrano
Scientific Reports 6, 33441 (2016)

Define hierarchies in complex networks

B Hierarchy level |
Hierarchy level of the WTW
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Multiscale unfolding of real networks by geometric renormalization
Guillermo Garcia-Pérez, Marian Boguna, and M. Angeles Serrano

Nature Physics doi:10.1038/s41567-018-0072-5 (2018)
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Uncover the selt-similar architecture of complex networks
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Scaling up real networks by geometric branching growth

M. Zheng, G. Garcia-Pérez, M.Boguna, M. A. Serrano
PNAS (in press) (2021)
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The geometric nature of welghts in real complex networks
Antoine Allard, M. Angeles Serrano, Guillermo Garcia-Pérez, and Marian Bogunha
Nature Communlcatlons 8, 14103 (2017)
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Hidden geometric correlations in real multiplex networks

Kaj-Kolja Kleineberg, Marian Bogufia, M. Angeles Serrano, and Fragkiskos Papadopoulos
Nature Physics 12, 1076 1081 (2016)
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But are these class of models the only possibility”?

Why should the connection probability be of the form?

'S hyperbolic geometry the only choice?
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Small worlds and clustering in spatial networks
M. Boguna, D. Krioukov, P. Almagro, M. A. Serrano
Physical Review Research 2 (2), 023040 (2020) [T W ¢
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Small worlds and clustering in spatial networks
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Small worlds and clustering in spatial networks
M. Boguna, D. Krioukov, P. Aimagro, M. A. Serrano  [E S SSae S
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Small worlds and clustering in spatial networks
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Sparse with arbitrary degree distribution
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